Abstract-Constellation Constrained (CC) capacity regions of two-user Gaussian Multiple Access Channels (GMAC) have been recently reported, wherein introducing appropriate rotation between the constellations of the two users is shown to maximally enlarge the CC capacity region. Such a Non-Orthogonal Multiple Access (NO-MA) method of enlarging the CC capacity region is referred to as Constellation Rotation (CR) scheme. In this paper, we propose a novel NO-MA technique called Constellation Power Allocation (CPA) scheme to enlarge the CC capacity region of two-user GMAC. We show that the CPA scheme offers CC sum capacities equal (at low SNR values) or close (at high SNR values) to those offered by the CR scheme with reduced ML decoding complexity for some QAM constellations. For the CR scheme, code pairs approaching the CC sum capacity are known only for the class of PSK and PAM constellations but not for QAM constellations. In this paper, we design code pairs with the CPA scheme to approach the CC sum capacity for 16-QAM constellations. Further, the CPA scheme used for two-user GMAC with random phase offsets is shown to provide larger CC sum capacities at high SNR values compared to the CR scheme.
I. INTRODUCTION AND PRELIMINARIES
Capacity aspects of various multi-terminal networks have been recently studied with emphasis on input alphabets being finite subsets of complex numbers. In particular, studies on Constellation Constrained (CC) capacity values [1] of some basic multi-terminal channels such as multiple access channels, broadcast channels, relay channels and interference channels have been recently reported [2] - [11] .
Influenced by some preliminary works on multiple access channels with finite inputs alphabets [2] - [4] , two-user GMAC with finite complex input constellations have been elaborately studied in [5] . It has been shown in [5] that introducing appropriate rotation between the constellations of the two users can provide enlargement in CC capacity region. Further, angles of rotation which maximally enlarges the CC capacity region have been provided for some known constellations. We refer to the above method of enlarging the CC capacity region as the Constellation Rotation (CR) scheme. Note that the CR scheme is a Non-Orthogonal Multiple Access (NO-MA) scheme wherein the two users transmit during the same time and in the same bandwidth. It is also shown in [5] that the CC capacity region of the CR scheme completely encloses that of the Frequency Division Multiple Access (FDMA) scheme, which is an Orthogonal Multiple Access (O-MA) scheme.
In this paper, we propose another NO-MA technique called Constellation Power Allocation (CPA) scheme in order to enlarge the CC capacity region of two-user GMAC. In particular, we compute the CC capacity region with CPA and discuss the advantages of using the CPA scheme over the CR scheme. The contributions and the organization of this paper may be summarized as below:
• We propose a novel technique to obtain enlargement in the CC capacity region of two-user GMAC called Constellation Power Allocation (CPA) scheme. In the proposed scheme, the relative powers of the constellations of the two users are varied while retaining the average power constraint for each user. (Section II-A) • The CC sum capacity is a function of a scale factor with which the relative powers of constellations are varied. For high SNR values, we propose a metric to compute the optimal scale factor * such that the CC sum capacity is maximized. We compute the CC sum capacities of the CPA scheme for some PSK and QAM constellations and show that the CC sum capacities offered by CPA are equal (at low SNR values) or close (at high SNR values) to those offered by the CR scheme in [5] . (Section II-B and Section II-C) • For regular QAM constellations, we identify that CPA scheme provides a sum constellation whose inphase and the quadrature components are separable. As a result, the in-phase and the quadrature components of the symbols in can be decoded independently. However, for regular QAM constellations, the CR scheme does not make the in-phase and quadrature components of the symbols in the sum constellation separable. Therefore, when compared to the CR scheme, the CPA scheme provides lesser decoding complexity with no significant reduction in the CC sum capacity. Hence, CPA scheme is more amenable for implementation in practice. (Section II-D)
• To exploit the reduced decoding complexity offered by the CPA scheme for -QAM constellations, we identify that independent coding along the in-phase and the quadrature components is needed for each user. For 16-QAM constellation, through computer simulations we show that Ungerboeck labeling [12] on the trellis of each user along the in-phase and the quadrature components induces an Ungerboeck labeling on the in-phase and quadrature components of respectively. Hence, such a labeling scheme can be used as a systematic method of generating trellis code pairs with 16-QAM constellation. (Section III)
• We also consider a two-user GMAC with random phase offsets introduced by the channel for both users [4] . For such a channel, it is clear that the CR scheme does not improve the CC sum capacity due to the random phase offsets introduced by the channel. Hence, we use the CPA scheme for such channels and compute the optimal scale factor * such that the CC sum capacity is maximized. We show that CC sum capacity with CPA scheme is more than that with the CR scheme at high SNR values. (Section IV) Section V constitutes summary and some directions for possible future work.
Due to space considerations, the proof of Theorem 1 in this paper has been omitted. This can be found in [13] along with several examples and other details.
II. TWO-USER GMAC: SIGNAL MODEL
The model of two-user Gaussian MAC shown in Fig.1 consists of two users that need to convey information to a single destination. It is assumed that User-1 and User-2 communicate to the destination at the same time and in the same frequency band (the two users employ a NO-MA scheme). Symbol level synchronization is assumed at the destination. The two users are equipped with constellations 1 and 2 of size 1 and 2 respectively such that for ∈ , we have [| | 2 ] = 1. Let be the average power constraint for each user. When User-1 and User-2 transmit symbols √ 1 and √ 2 simultaneously, the destination receives a symbol given by
such that 2 2 is the variance of the AWGN in each dimension. Throughout the paper, unless specified otherwise, we assume equal average power constraint for the two users.
The CC capacity region of two-user GMAC has been computed in [5] and the importance of choosing uniquely decodable constellation pairs to enlarge the CC capacity region of two-user GMAC has been discussed. In the next subsection, we introduce another method of providing the enlargement in the CC capacity region, known as the Constellation Power Allocation (CPA) scheme, wherein the relative constellation powers of the two users are varied while maintaining the average power constraint.
A. CPA Scheme for Two-User GMAC
It is assumed that for each ∈ {1, 2}, the average symbol power of is unity. Therefore, to meet the average power constraint , for every channel use, User-can transmit the symbol √ for some ∈ . In this section, we propose an alternate method of transmitting the symbols of by maintaining the average power constraint. To explain the new scheme, we introduce some notations on the set of indices of channel uses. Let = {1, 2, 3, ⋅ ⋅ ⋅ , − 1, } denote the set of the indices of the channel uses for both the users, where denotes the total number of channel uses. Assuming to be an even number, without loss of generality,
denote the set of odd and even indices of channel uses, respectively. We use the variable to denote the instantaneous channel use index and the variable ∈ [0, 1] to denote a non-negative real valued variable.
If ∈ odd , User-1 transmits the symbol √ (2 − ) 1 for some 1 ∈ 1 and User-2 transmits the symbol √ 2 for some 2 ∈ 2 . Therefore, during odd indices, the destination receives a symbol of the form
Similarly, if ∈ even , User-1 transmits the symbol √ 1 for some 1 ∈ 1 and User-2 transmits the symbol √ (2 − ) 2 for some 2 ∈ 2 . Therefore, during even indices, the destination receives a symbol of the form
With the above mentioned use of scaling factors, the average power for User-1 in odd and even channel uses is (2− ) and , respectively. Similarly, the average power for User-2 in odd and even channel uses is and (2 − ) , respectively. With this, the average power is maintained across time for each user. Note that, with the relative change in the power between the constellations, the unique decodable property is obtained at the receiver for every channel use. Examples to illustrate the CPA scheme are provided in [13] . In the next section, we discuss how to choose that maximizes the CC sum capacity.
B. Capacity Maximizing Constellation Pairs from CPA
Let us consider GMAC with 1 = 2 having an average power constraint for each user. For this identical constellation case, we consider the problem of finding such that the CC sum capacity is maximized. Through CPA, the two users switch the scale factors on alternate channel uses and hence, for every channel use, the destination views the same sum constellation whose symbols are of the form √ (2 − ) 1 + √ 2 for 1 ∈ 1 and 2 ∈ 2 . Note that since the two
users employ identical constellations, the destination views the same sum constellation on every channel use. With this, the CC sum capacity of the GMAC is (
It is clear that CC sum capacity is a function of , and can be improved by appropriately choosing . Further, (
) can be maximized by choosing the scale factor * as * = arg max
Note that (
) is an expectation of a non-linear function of the random variable and hence, the closed form expression for this is not available. Therefore, in general, computing * is not straightforward. However, for high values of 2 (henceforth, 2 is denoted as SNR), the following theorem provides a metric (which is independent of the variable ) to choose such that (
) is maximized. Theorem 1: At high SNR values, the optimum scale factor required to maximize (
) is approximated closely by * where * = arg min
where ( ) is given in (2) at the top of this page.
C. Optimal for Some Known Constellations
In this subsection, we find the scale value * that minimizes ( ) for a given constellation 1 and for a given SNR value. For the simulation results, we assume 2 = 1. The values of * are obtained by varying the scale value from 0 to 1 in steps of 0.01. In Table I , the values of * are presented for some well known constellations such as QPSK, 8-PSK, 16-PSK and 16-QAM. The CC sum capacities of the above constellations are presented in [13] . In Fig. 2 , we present the CC sum capacity of QPSK constellation for the following transmission schemes: (i) CPA scheme, (ii) CR scheme, (iii) neither CPA nor CR, and (iv) with both CPA and CR. For the scheme "with both CPA and CR", the optimal pair ( * , * ) are computed using a metric which is obtained on the similar lines of Theorem 1. From Fig. 2 , note that the CPA scheme provides CC sum capacities equal (at low SNR values) or close (at high SNR values) to the CR scheme. Further, note that the scheme "with both CPA and CR" does not provide significant CC capacity gain over the CPA scheme.
D. Reduced ML Decoding complexity for QAM Constellations with CPA
In this subsection, we highlight the advantage of using CPA over CR for the class of regular QAM constellations. For uncoded transmission, when CR is employed for QAM constellations, the in-phase and the quadrature components of the symbols of are entangled. As a result, the in-phase and quadrature components of the points in are not separable. However, with CPA, since the scale factor is real valued, the in-phase and quadrature components of the symbols in do not get entangled. As a result, is separable, and can be written as the Cartesian product of in-phase and quadrature components of its symbols. In particular, if the two users employ square regular -QAM constellation, then there are points in along the in-phase component. Similarly, there are points along the quadrature component. Since is separable, the destination can decode the in-phase and the quadrature components independently. Therefore, the worst case ML decoding complexity is ( ). However, with CR scheme, the worst case ML decoding complexity is ( 2 ). Therefore, for the class of QAM constellations, CPA provides lesser decoding complexity with negligible loss in the CC sum capacity when compared with CR.
III. CHANNEL CODING FOR QAM CONSTELLATIONS WITH CPA
In this section, we design code pairs based on TCM (Trellis Coded Modulation) [12] to achieve sum-rates close to the CC sum-capacity of QAM constellations using the CPA scheme. If 1 and 2 represent regular -QAM constellations, then is as given in (3) at the top of the next page, where and denote the corresponding √ -PAM constellations for the -th user along the in-phase and the quadrature dimension, respectively. The set of in-phase and quadrature symbols of are respectively denoted by , and , . Since the CPA scheme makes the in-phase and quadrature 
components of separable, the symbols of , can be decoded independent of the symbols of , , thereby reducing the decoding complexity. To facilitate this, the Usershould code the symbols of independent of the symbols of . In other words, each user should have two encoders one along each dimension. Let the subscript ∈ { , } denote either the in-phase dimension or quadrature dimension. It is well known that a systematic method of designing TCM based codes can be obtained by solving the set partitioning problem on the input constellations [12] . We address the problem of finding a partition of ( √ -PAM constellations) into two sets 1 and 2 of equal cardinality such that the minimum Euclidean distance, of each one of the sets in
} is maximized. However, since values of the sets in can potentially be different, we find a partitioning such that the minimum of the values of the sets in is maximized. Further details on designing trellis codes based on the set partitioning method can be found in [13] .
A. Designing TCM Schemes with 16-QAM Constellations
For the CPA scheme, the set partitioning problem described above is applicable to arbitrary values of . As a result, the solution to the set partitioning problem depends on . For arbitrary values of and , we are unable to solve the set partitioning problem due to lack of structure on of two QAM constellations. However, through computer simulations, we provide solution for the above problem for 16-QAM constellation. For this set-up, we obtain a two way partition of and such that the minimum of the values of the sets in is maximized. In particular, the optimal partition is obtained for different values. For each value of , the optimal partition is obtained by using the corresponding * as given in the Table  I . The optimal partitions for all values of are found to be
which is the Ungerboeck partitioning. With this set partitioning, trellis code pairs based on TCM can be designed in order to transmit 2 bits for each user using the 16-QAM constellation.
IV. CC CAPACITY REGIONS OF TWO-USER GMAC WITH RANDOM PHASE-OFFSETS
In this section, we consider a two-user GMAC with random phase offsets introduced by the channel for both the users [4] . Similar to the signal model given in Section II, the two users are equipped with complex constellations 1 and 2 of size 1 and 2 respectively. Let be the average power constraint for each user. When User-1 and User-2 transmit symbols √ 1 and √ 2 simultaneously, the destination receives a symbol given by
where 1 , 2 are i.i.d. random variables distributed uniformly over (0, 2 ) and remain constant over channel uses (for << ). We also assume that only the destination has the knowledge of both 1 and 2 but not the two users.
The CC capacity region of the above channel model can be computed on the similar lines of the one in Section II. In addition to the steps needed to compute the mutual information values in Section II, in this case, we have to take expectation of the mutual information values over 1 and 2 . Hence, the CC 
is given in (4) at the top of this page. Further, we apply the CPA scheme (given in Section II-A) for this channel model. With the CPA scheme, the CC sum capacity is given by
Since the CC sum capacity is a function of , we have to compute the optimal such that 1 , 2 [ (
] is maximized, where 1 = (2− ) and 1 = . In other words, we have to solve the following optimization problem, * = arg max * and the corresponding CC sum capacities for the above constellations are also provided in [13] . The CC sum capacity for QPSK constellation is provided in Fig.  3 for the following two cases: (i) CPA scheme with = * and (ii) the CR scheme. It is to be noted that at high SNR values, CPA scheme provides larger CC sum capacities than the CR scheme.
V. SUMMARY AND DISCUSSION
We have proposed the CPA scheme to obtain enlargement in the CC capacity region for two-user GMAC. In comparison with the CR scheme of [5] , CPA scheme provides reduced decoding complexity for the class of QAM constellations with no significant reduction in the CC sum capacity. An interesting direction for future work is to study the impact of the above schemes for two-user fading channels. We have also provided the optimal set partitioning only for 16-QAM constellation. Another interesting direction of future work is to obtain the optimal partitioning for arbitrary QAM constellation sizes.
